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Abstract 
A computer code was developed to simulate the operation of radioscopic or tomographic devices. The 
simulation is based on ray-tracing techniques and on the X-ray attenuation law. However, in the process of 
projection simulation, we can’t use an expression to describe the distribution of the consecutive X-ray spectrum 
which is simulated by the Monte Carlo method. We only use numerical integration to realize the projection 
simulation. So in order to enhance the fidelity of the projection simulation, we research X-ray spectrum sampling 
technology, and propose projection simulation algorithm based on self-adaptive Simpson integration. The algorithm 
mainly uses self-adaptive Simpson integration to sampling, based on the distribution of the X-ray spectrum. Then 
realize the integration of the projection process.  
With simulation experiment and practical experiment, we have demonstrated that the new sampling method is 
not only more accurate but also very efficient. This new sampling method is expected to be very useful in X-ray 
projection simulation, as well as in computing similar sampling or integrals in other area.
© 2010 Published by Elsevier Ltd. 
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1.  Introduction 
X-ray imaging techniques, such as radiography, radioscopy and tomography, are used in more and more 
diversified applications, notably in the medical field[1][2], materials science[3], and the food-processing industry[4]. 
For each specific application, it is generally a complex task to design the appropriate testing chain. A suitable X-ray 
emitter and detector have to be chosen, and the optimal parameter values (current and voltage of the X-ray tube, 
geometric adjustment, exposure time, etc.) have to be determined. To develop a new X-ray imaging system, or to 
optimize an existing one, long and expensive series of experimental tests and measurements are usually necessary. 
Sometimes the only method is to proceed by trial and error, and in practice, it is impossible to study exhaustively the 
influence of the many parameters that condition the final image quality. As a consequence, when the non-destructive 
testing (NDT) application is very delicate, the development stage may seem quite off-putting. 
To develop and optimize a new imaging system, and to master the influence of the various adjustable 
parameters, simulation can be a helpful tool. It offers powerful means for choosing the most suitable components 
and for predicting the future device performance, by acting as a virtual experimental bench. Simulated images can 
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be obtained in little time and at low cost, may enable the behavior of the whole imaging system to be investigated in 
complex situations[5][6]. 
For the arithmetic of projection simulation based on consecutive X-ray spectrum, the integral of the energy 
spectrum function is involved, but currently there isn’t a mathematical expression to describe the distribution of X-
ray spectrum. We only get the discrete X-ray spectrum data by the actual simulation method. So it is difficult to use 
computer to realize the integral of projection. In allusion to this problem, some researchers generally use the 
principle of Riemann Integral to realize the integral process of projection simulation. Namely, we only use 
numerical integration to realize the projection simulation by X-ray spectrum sampling[7-9]. 
At present, the common sampling method is random sampling and uniform sampling. But these methods have 
respective shortcoming. If the sampling number is too small, simulation precision is difficult to achieve the actual 
effect. On the contrary, the speed of simulation is slower. At the same time, if the sampling numbers of high-energy 
part and low-energy part are not appropriate, simulation effect is difficult to reflect the actual projection process[10].  
In view of the disadvantages of the current sampling methods, introducing the self-adaptive Simpson sampling, 
this paper proposes X-ray projection simulation based on the self-adaptive Simpson sampling. Because it can realize 
the projection simulation based on the trend of energy spectrum. So this can effectively improve the simulation 
precision and speed. Introducing the basic principles, this paper realizes the algorithm derivation which is X-ray 
projection simulation based on the self-adaptive Simpson integration. Then with simulation experiment and practical 
experiment, the feasibility of the proposed algorithm has been demonstrated. 
2. Basic Principles 
2.1 Ray-tracing Techniques 
Ray-tracing techniques, together with the X-ray attenuation law, are the basis of our computer code. From each 
source point, a set of rays is emitted towards every pixel center of the detector. Each ray may intersect a certain 
number of meshes on the sample surface or at the interfaces between different parts of the object (Fig.1). The 
attenuation path length in every part of the object is calculated by determining the coordinates of all the intersection 
points. The photon number ( )N E that emerges from the sample and reaches a pixel of the detector is given by the 
attenuation law: 
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In this formula, 
0
( )N E refers to the number of photons with energy E , emitted by the source per solid angle unit; 
': is the solid angle that corresponds to the pixel, observed from the source point; ( )
i
EP designates the linear 
attenuation coefficient associated with the material i at the energy E , and
i
x the total path length through the 
material i . The solid angle': is given by the following equation:   
Fig.1 The image of X-ray projection                                 Fig.2 The image of solid angle 
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Where S' stands for the pixel surface; ( , )n uT  refers to the angle between the pixel surface normal unit 
vector n and the unit vector u pointing from the source point S towards the pixel center K ; r is the distance SK (Fig. 
2). We assume that DS is small enough for the distance r to be considered as a constant for the whole pixel 
surface[5].
2.2 Self-adaptive Simpson Integration 
Self-adaptive Simpson integration, also called adaptive Simpson’s rule, is a method of numerical 
integration[11][12]. A function may vary rapidly on some parts of the interval[ , ]a b , but varies little on other parts. 
It is not very efficient to use some panel width everywhere on[ , ]a b . At the same time, it is unknown in advance on 
which part of the integral varies rapidly. So we hope to introduce an adaptive integration method. The basic idea is 
we divide [ , ]a b into several subintervals and then decide whether each of them is to be divided into more 
subintervals. This procedure is continued until some specified accuracy is obtained throughout the whole 
interval[ , ]a b . These are the basic idea of the self-adaptive Simpson integration. 
3. Projection simulation based on self-adaptive Simpson integration  
3.1 Problem description 
The X-ray projection process can be subdivided into three independent parts: the X-ray generation, the 
interaction between the radiation and the part material, and the imaging process. In the three independent parts, the 
interaction between the radiation and the part material is the pivotal process of projection simulation. So this paper 
mainly discusses how to accurately simulate the interaction between the radiation and the part material. For 
consecutive energy spectrum, Eq.(1) can be rewritten as: 
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However, the energy spectrum data, which is simulated by the common simulation method, is only a set of 
discrete energy values. So Eq.(3) only can be realized by numerical integration schemes. The conventional method, 
such as random sampling, uniform sampling, all can be depicted as: 
0
1
( ) ( ) exp[ ( ) ]
J
j j j
j
N E w N E E xP
 
 ': ¦                                                       (4) 
In the Eq.(4),letting: 
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So Eq.(5) can be written as: 
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Where I represents the sum of discrete energy values, 
j
E represents the X-ray energy at energy value j ,
j
w is
weighting coefficients of 
0
( )
j
N E  in the energy spectrum function
0
( )N E , ( )
j
EP designates material’s linear 
attenuation coefficient at the energy
j
E . Simply, the distribution of
j
E is different. Thus these methods don’t 
consider the distribution of energy spectrum function. So it is difficult to realize the higher simulation precision, 
according to introduction.  
However, the classical self-adaptive Simpson integration algorithm not only can evaluate integrals efficiently, 
but also provides a method of self-adaptively sampling the integrands according to their variation. Enlightened by 
the principle of Simpson integration, we propose a new and efficient self-adaptive sampling scheme to sample
0
( )
j
N E
according to its variation, based on gaining energy spectrum data by the Monte Carlo method.  
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3.2 Algorithm derivation 
Based on the above analysis, for a given equal interval sub-region spanned by five energy nodes 
(e.g. 1 2 3 4 5, , , ,E E E E E ), five discrete values 1 2 3 4 5( ), ( ), ( ), ( ), ( )f E f E f E f E f E are determined respectively by 
interpolation. Let 2S and 4S be the integrals of ( )f E over the sub-intervals 1 5[ , ]E E , by using Simpson formula. 
2S = 1 3 5( ( ) 4 ( ) ( ))
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In the Eq.(6) and (7), 
r
h represents the length of sub-interval. The degree of these curves is measured by the 
difference of the corresponding integration values. Mathematically, this criterion can be expressed as follows: 
2 4S S H                                                                           (9) 
     If the above criterion is satisfied, the sub-interval 1 5[ , ]E E is fixed. 1E , 2E , 3E , 4E and 5E are chosen as the 
integration nodes in this sub-interval; otherwise respectively insert a new point in the sub-interval 
1 2[ , ]E E , 2 3[ , ]E E , 3 4[ , ]E E and 4 5[ , ]E E , then repeat the same procedure described above, until this criterion is 
satisfied. 
3.3 Flaw chat of the algorithm 
                      
Fig.3 Algorithm flaw chart of energy spectrum self-adaptive integration 
4. Experiment results and analysis 
4.1 Mechanical parameter of projection process 
As the generation of projection must depend on the virtual X-CT imaging system, each parameter of the 
system must be carefully identified. In the simulation experiment, using circular trajectory cone-beam scan mode, 
the sampling frequency is one projection with one angle. The distance between X-ray source and rotation center is 
700 mm , and that between rotation center and detector is 300 mm . The size of one detection element is 0.127 mm ,
and the array size of detector is 256×256. 
4.2 The parameter of X-ray source 
In order to veritably simulate the X-CT projection data, Consecutive X-ray Spectrum should be used in the 
virtual CT system. In this simulation experiment, X-ray spectrum is shot with X-ray source tube voltage: 300 KV ,
tube current:1.0mA , by using the Monte Carlo method. However, at present the simulation technology of X-ray 
spectrum can’t provide one mathematical expression to describe the distribution of X-ray spectrum. It only offers 
some discrete energy list to define the energy distribution of X-ray source spectrum. Therefore, in order to highlight 
whether the new discrete method is viable, three kinds of sampling techniques have been compared. 
ŸRandom Sampling: Random sample the simulation data of the simulation X-ray spectrum. In this experiment, 
select the x-ray intensity data with the voltage of 50 ,100 ,KV KV 150KV , 200KV , 250KV , 300KV .
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ŸUniform Sampling: For the simulation data of the X-ray spectrum, the energy spectrum are sampled by every 
10 KV and every 20 KV .
ŸSelf-adaptive Sampling: The self-adaptive Simpson integral is used to realize the integral about X-ray energy 
spectrum, based on the trend of X-ray energy spectrum.  
4.3 The analysis of simulation experiment 
In the virtual CT system with the above mentioned parameters of mechanical and X-ray source, collect the 
projection data of the aluminous column workpiece. Extracting the 360-degree projection data about one cross-
section, we use FBP reconstruction algorithm to analyze the result of the above mentioned sampling techniques. At 
the same time, we also use the single spectrum simulation to compare.  
The result of projection data and CT reconstruction slice about the column’s center cross-section are shown in 
Fig.4 and 5. (Injecting Poissonian noise ( 2O  ) into the projection) 
(a) (b) (c) (d) (e) 
Fig.4 (a) The projection of the single spectrum˗(b)The projection of the uniform sampling by every 10KV˗(c) The 
projection of the uniform sampling by every 20KV˗(d)The projection of the random sampling˗(e)The projection 
of the self-adaptive sampling
(a) 
(b)
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(c) 
(d)
(e) 
Fig5. The CT image according to Fig.4 (aǃbǃc and d) and their central gray curve
As shown in the above simulation, if X-ray spectrum is considered as the consecutive energy spectrum, the 
relationship between workpiece’s structural information and background Information is not a step change. In the 
process of simulation, because of the different workpiece’s thickness at every projection angle, the different energy 
levels of the polychromatic spectrum are not absorbed in the same way, and the grayscale of CT image presents 
“inverted cup” trend from image center to edge. This effect is called beam hardening. On the other hand, the result 
of CT reconstruction is different with the different of X-ray spectrum sampling method. Some analysis has been 
obtained. 
(1) Because random sampling doesn’t consider the distribution trend of X-ray spectrum, the number of energy 
levels is not sufficient, and the workpiece’s integrated structure information can’t be obtained. So from fig.4c, the 
CT image only incarnates workpiece’s edge information, can’t clearly incarnate workpiece’s internal structure 
information. 
(2) From Fig.4b, Fig.4c and Fig.4e, Fig.4b and Fig.4e are basically similar, and the normalized mean square 
distance between them is 0.0156. But Fig.4c and Fig.4e have a great different, and the normalized mean square 
distance between them is 0.221. So the simulation result of uniform sampling is influenced by the sampling interval. 
Only when the sampling interval is smaller, the simulation of uniform sampling and self-adaptive sampling is almost 
no difference. However, for projection simulation time, uniform sampling will spend more time. For example, 
Fig.4b spends 51ms, but Fig.4e spends 25ms. 
Combining with the above analysis of simulation experiment, projection simulation technology of consecutive 
X-ray based on self-adaptive sampling can achieve a good result from the computing time and the calculation 
accuracy.
4.4 Comparative analysis Combined with practical experiment 
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In order to further prove whether the new sampling method is viable, we have compared, combined with 
practical experiment. In this experiment, we used an X-ray imaging system, which consisted of a 450-KV X-ray 
source from YXLON (Germany) and a flat detector PanScan2520 from Varian (USA), to obtain the projection data. 
The practical imaging system is shown in Fig 6, and the parameter of system and wokpiece is the same as the 
simulation experiment. We then reconstructed these data as shown in Fig 6. 
Fig6. The practical CT imaging system 
(a) (b) 
Fig 7. (a) The reconstruction result of practical CT system 
(b)The central gray curve of reconstruction
In order to analyze the difference between the simulation result and practical experiment result from numerical 
analysis, computer the normalized mean-square distance and normalized absolute distance of Fig 5(a, b, c, e and d) 
compared to Fig 7(a). The result is shown in Table 1. 
Table 1. The result which simulation relatives to practical experiment 
Figure normalized Mean- square distance 
normalized 
Absolute distance 
Fig 5(a) 0.52314 0.50125 
Fig 5(b) 0.44125 0.43322 
Fig 5(c) 0.58232 0.57861 
Fig 5(d) 0.60154 0.59322 
Fig 5(e) 0.43856 0.42741 
From Table 1, the new method of projection simulation based on the self-adaptive Simpson sampling can get 
better result, and more realistically reflect the actual process of CT projection.  
4.5 The simulation of complicated workpieces 
In order to highlight the new simulation method universal, one complicated workpiece model is used to 
simulate based on the above virtual CT imaging system. The workpiece model is an aluminous column with a 40-
mm radius. In the column, there are eight steel columns, whose radius is 2 mmǃ3 mmǃ3 mmǃ4 mmǃ
4 mmǃ5 mmǃ6 mm  and 5.5 mm . The simulation result is shown in Fig 7. 
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(a) (b) 
Fig.8. (a) The CT image of single spectrum simulation 
(b) The CT image of polychromatic spectrum simulation
From Fig 8, the reconstruction of polychromatic spectrum is depressed toward the center of the object, and 
exhibit severe artifacts: the steel and aluminum inserts are connected by dark streaks. Oppositely, the reconstruction 
of single spectrum doesn’t have these artifacts. So the simulation of complicated workpieces further validates the 
new spectrum sampling is correct and validity. 
5. Conclusion 
In this paper, in the process of CT polychromatic projection simulation, there isn’t a mathematical expression 
to describe the distribution of X-ray spectrum, so we introduce self-adaptive Simpson integration, propose X-ray 
spectrum sampling algorithm based on self-adaptive Simpson integration. Then the projection simulation based on 
connective spectrum has been achieved by the new spectrum sampling technology. Excellent results were obtained 
in both a simulation and an experiment. The experimental results indicate that the new sampling technology can 
decrease the simulation time compared with the traditional polychromatic projection simulation, and it is closer to 
the actual process of CT projection. 
Therefore, this sampling method can strictly accord with the distribution of X-ray spectrum to come true the 
projection simulation. At the same time can enhance the efficiency of simulation compared with traditional 
simulation method of polychromatic projection. Furthermore, this new sampling method not only applies to the CT 
projection simulation, but also applies to the function sampling and integration, whose expression is unknown or 
very complex. 
However, if we hope to more realistically reflect the actual CT projection process. We should insert some 
impact factors, such as scatteringǃdetector conversion systemǃnoise and so on, into the above simulation process.
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